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A charged particle in its planar motion in a constant magnetic field is submitted a centripetal force
acting on that particle. The amplitude of this force is constant in time. In this paper it is demonstrated
that by a linear change in time of the magnetic induction another centripetal force acting on the
particle is created. This force has an amplitude oscillating in time with the frequency equal to that of

the particle gyration.
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1. Introduction

The motion of a charged particle in a magnetic field
is fundamental in electrodynamics. When the mag-
netic field is constant in space and time, the problem
— both in classical and quantum mechanics — has its
well-known solution; see e. g. [1]. However, mainly in
astrophysics [2-4], space physics [5,6], and plasma
physics [7,8], there arises very often the problem of
the motion of a charged particle when the intensity
of the magnetic field depends on space and time. In
such cases finding the motion problem is quite a com-
plicated task. The complications concern not only the
methods used for solving it, but also the fields them-
selves, since different kinds of fields are often com-
bined for possible applications [9].

In the present paper we elaborate an example of such
an integrable system by considering the mechanical
force which arises when the intensity of a spatially uni-
form magnetic field is changed linearly in time. In spite
of its apparent simplicity, this problem seems never to
have been solved before, although the formal solutions
necessary for describing the particle motion in a field
of this kind are well known [10-12].

For a constant magnetic field having the induction
By a charged particle is moving in a plane perpendicu-
lar to By with the constant angular velocity having the
value

. eB()
= =—— 1
¢ = oo " 1

where e is the charge and m the mass of the particle.
The angular momentum of the particle has the constant
value

| =mr2g (2)

at a constant distance r from the gyration center.

A constant value of | represents a sufficient condi-
tion for the force acting on the particle to be central
about the point which is fixed at the origin. This force,
labelled by F, is acting on the particle moving in ther,
¢-plane. F, can be obtained directly from the equation
[13, 14],

2 /1\ 1 mr?
(7)1 = ©)

For a constant field By the radial coordinate r of the
trajectory is independent of the polar angle ¢; in this
case we obtain from (3)

F=- (4)

mr3’
The integral of F, done over r, gives the potential V (r)
which can be readily obtained from the non-relativistic
Langrangian L presented in polar coordinates [15].
The solution of the problem is found, first, by solv-
ing the corresponding equation for r(t) and, next, by
substituting this result into the formula (3) for F,. Our
calculation is done on a strictly non relativistic basis;
also no self-reaction (Bremsstrahlung) of the the field
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is taken into account. Only a slowly varying B-field is
allowed, giving an adiabatic change in the considered
equations of motion.

2. Particle Trajectory Obtained in the Case of
Temporal Change of the Magnetic Induction

A glow variation of B with t produces an electric
field E according to the equation
I
rote = ——. 5
o ©®)
We assume that the direction of B is not changed in
course of the change of B from B =Bpatt=0to
B =By +ABatt = tynax, and the field B remains paral-
lel to the z- axis of the Cartesian coordinate system, so
the system preserves its cylindrical symmetry. Conse-
quently, E becomes zero along the z-axis which is the
cylinder axis. Because B does not depend on X,y and z,
we obtain (see e. g. [8])
_ 1, dB
E=-rx—.
2
The change of B means a similar change of the angular
frequency wy into

o e
%__EB' (6)

We put henceforth the light velocity ¢ = 1. Hence the
Lorentz acceleration

(5a)

dv e - . =

E_E(E+UXB) @)
becomes

do  d?r 1lday [

E_dt_z_EWXH_wDXE' (7a)

Since the particle motion takes place on a plane per-
pendicular to B, the position vector of the particle F can
be described in terms of the polar coordinates (r, o),
whereas the vector @y and its time derivative ddy,/dt
are directed along z-axis. By identyfying T = ix + jy,
and by putting next z= x+iy = re'? [8], a fundamen-
tal equation for the length r of the position vector is
obtained when the real and imaginary part of (7a) are
taken into account [15-17]:

. Cc o1,
r—r—3+Zwbr:O. (8)

Equation (8) is a well-known formula; its properties
were widely discussed at various occasious (see e.g.

[9,18]). In our case we have at t = 0 the angular ve-
locity @ = @y = @y and r = rg. Here wyy is a constant
angular frequency given by (1), and r is a constant
radial coordinate at B = By. The constant

c:ﬂx=ﬂ<¢—%m>, 9)
entering (8), is att = 0 equal to

1
C = Srjom. (9a)

2
wy, in (8) and (9) is the absolute value of the time-
dependent angular frequency.

Let us assume that during a process, the duration of
which is tmax, the field B is changing linearly with t.
Consequently, the original frequency wyy rises linearly
to some new frequency

wp(t) :(Dbo-l-wblL (10)

tmax ’
From (1) and (6) we see that the change of the magnetic
induction B — By = AB(t) is proportional to the last
term entering (10). Att = tmax

@p (tmax) = Wpp + Opy- (10a)
In general we assume
W1 <K Wpp. (1)

The adiabacity requirement for the particle motion (see
e.g. [8]) imposes the conditions

@p

P <1, (12)
1.

b
Evidently, because of (10), (13) is satisfied for any
value of @y, tmax and t; relation (12) is satisfied be-
cause of (11).

The solution of (8) can be obtained by assuming that
the modified r is not much different fromr o, the radius
att =0, and put (see e.g. [14])

u
r=ro+u=rg <1+—),
o

where u < rg. Since rg is a constant, we obtaim i = (.

(14)
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In consequence, (8) can be linearized into the equa-
tion

(i+au+bt = —cut — f(ro+u)t?> ~ 0, (15)
where

a= ad, b:%“’b‘t)T“:;l”h (16)
because, in view of (11), we have

cu<h, f(ro+ut?<ht. (17)

The solution of the resulting differential equation (15)
can be obtained analytically [16]:

u= L @ulo [—t (18)

5i”(0)b0t)]
2 Wpotmax )

Wpo

The boundary conditions, satisfying (18), are u(0) =0,
U(0) = 0. In Sect. 3 we apply (18) to the calculation of
the force acting on the particle.

3. Angular Velocity and Calculation of the Force
Acting on a Charged Particle

Basing on [16] and (18), the angular velocity ob-
tained for the particle motion in the plane becomes

[see (9)]

c 1 rFoyp 1 opyt
— 2 g, = 070, = —) (19
PR T T R Z(wbothmaX) (19)
lowp, Uanp
~ +__t__
@0 2tmax o

because of (14). In effect by (18) and (19) we get

- ot 1 oy
¢ 0 tmax 2 Opotmax

sin(wpot). (20)
The last term in (20) is an oscillating expression with
an amplitude which is very small compared to the sec-
ond term on the right-hand side of (20).
This condition is satisfied for any tyax extended over
many gyroperiods Tyy = anb‘ol. In effect,
¢ = (21)
given in (10). By substituting (21) into (9) we obtain
the relation

1,.
C= Er2<p. (22)

This step demonstrates independence of the angular

momentum | = 2mC on time and proves the central

character of the force acting along the coordinater.
From (22) we obtain

d dt d r2 d
dp dpd  Cdr 23)

SO

d /1 d 1 1 2 d 1
@(?) = @(m) (7)= zr—ca(m) (24)

. r? du Pogry . z(a)bot>
>~ — = sin

2Cr3 dt  2Cr3mpotmax 2
because of (20) and the fact only a small part of r, la-

beled by u, depends on t in an efficient way. The next
differentiation gives

2 2
(1)~ (30) " (7)
1t ey

sin(oat)  (25)

L O
2 (l)tz)or()tmax
In the calculation of (25) we used the formula (9a) for

C and also the property of r /rg = 1. A substitution of
(25) into (3) gives

sin(apot).

1 @y sin(opt) 1 r2
572 T+ . +-=- 2 Fr»

(26)
since C equals half of the value of the angular momen-
tum; see (22). In (26), and henceforth, we put m=1.

We see that the centripetal force, given by the term
r—1 entering the left-hand side of (26), equals

(2C)?
3

=F(Bo) (@7)

calculated in (4). This force is supplemented by the
new force

_ZCQ% Sin((x)bot) _

wgo tmaxor? FrlAB(),

(28)
S0

Fr(Bo) + R [AB(t)] =F (29)
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is the total force acting on the particle. Since F, and
F(Bo) are central, the same property holds for the
component F [AB(t)].

As far as we know, the supplementary force
F:[AB(t)] obtained in (28) is a novel result. The
force oscillates sinusoidally in time with an ampli-
tude approximately proportional to r ~3. Obviously, for
Wy — 0 we have

F[AB(t)] — 0, (30)
so the force (28) vanishes with vanishing AB(t), which
is proportional to oy, see (1), (6) and (10). We show
in Sect. 4 that the result (25) can be derived also on the
basis of the solution of a more accurate equation than
that given by the last step of (15).

4, Calculation of the Force Done on the Basis of an
Exact Equation (15)

Our aim is to improve the solution (18) by construct-
ing a new solution which takes into account the terms
neglected in (15). We assume

Uu=up+Ww, (31)
where ug is equal identically to (18). We seek now a
function w which — we expect — is a small correction
of Up.

A substitution of (31) into (15) gives

. 10)060b 10)b rot .
2 0 1

It is easy to check that a special solution of (32) is

log 1o .
W = — = —= ——sin(mmot), 33
2 02, e (@50 (33)
whereas the homogeneous equation (32) becomes
W+ (a+ct)w=0. (34)

This equation can be reduced to the formula [19, 20]

d*n(é)  &n _
qE2 + i 0, (35)
where we have put
w(t) =n(&) (36)

and & = a+ct; ¢ # 0. A general solution of (35) is
[19,20]

2 2
nd=¢Y? [A131/3(§:§3/2> +A231/3<§:§3/2>} , (37)

where A; and A; are arbitrary constants and J; /3 and
J_y1/3 are Bessel functions of the first kind and the or-
der £ and —3, respectively.

The solutions (33) and (37) can be combined. Since
Up satisfies the initial conditions listed, our aim is to
satisfy similar initial conditions for a full solution (31)
att=0.

An important point is that the special solution w*
given in (33) cancels exactly the second term of u=ug
given in (18). In effect, the extended solution becomes

1 r 2
ot w=—5 0ty A (2 E) (39)

2 Wpotmax

2
+ A251/23—1/3(3—C§3/2>~

This result — together with the initial conditions for
(31) — gives us the required equations for A; and A;.
The result of the operator d?/d¢? acting on

e e LT (OB
r ro+U+w 1o fo To
can be represented by
d? /1 dt\2d? /1
i (7) = (@) @ ()
(40)

L qdty21 d?

The reciprocal expression of the first-derivative term
entering (40), namely

(o 220) (a1)

tIT]E:IX

is approximately a constant, since ro = r and the term
Opt/tmax < @py is sSmall in comparison to wpy. In this
way the dependence on t is represented mainly by the
second time derivative of the expression (38) enter-
ing (40):



S. Olszewski - A Central Force Oscillating in Time Caused by a Linear Change

d2

i (up +w)

=3 [Alél/le/s( 53/2) +AETR) 1/3( Zcéa/zﬂ

= —AEYy 5 ( 2 53/2) AE¥2. 1/3( 53/2>
(42)

The result presented in (42) can be made more trans-
parent if we note that the argument of the Bessel func-
tions is equal to

2 3/ 4 (Dbo

= £~ t. 4

36 =3 X gy T 0 (43)
For not too small tyax this is a very large number be-

cause of (11), and a large frequency number wyg. This

property allows us to apply asymptotic expansions for

Ji/3(x) and J_y /3(x) [21]. When susbstituted into (42),

they give approximately

Ug +W= "
32 O\ Y2 1
_Alw(tm—ax> Wy COS (a)bot+5_6n>
32 O\ Y2 1
_Azw(tm—ax> Wy COS (wb0t+6+67[>,
where
2 e 1 4 ofptmax 1
5= g2 tp— 2 %0tmax 2 45
3c 47r 3 oy 2 (45)

is a dimensionless parameter.

The expression (44) is a function oscillating in time
with a frequency wyg. Our task is now to calculate the
constants A; and A. The first initial condition, repre-
sented by the first equation given below (18) applied to
Up + w instead of u, can be reduced to

1 1
A; cos (6 - En) = —A,cos (6 + 5”)’ (46)
whereas the second initial condition below (18) applied
to up + w becomes approximately

1 wylo 3c \Y2 1
3 Orotmm, a{Al(naVZ) cos (5 67r> (46a)

Az(%)l/zcos (6+ %n)] =0.
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For
0=06 =

where n is an integer, we obtain A; =
whereas for

0= 52 = (%:I:Zﬂ) T

(46) gives A; = Ay. This implies that, for many cases of
the phase shift &, we have |A1| ~ |Az|. The arithmetical
mean of &; and &, given in (47) and (47a) is

= 1
For this & we have cos8 = sind = 2-
condition (46) we obtain

N ]

for the same & the condition (46a) — together with the
result of (49) — gives

+27n, (47)

—A, from (46),

(47a)

(48)

Y2 and from the

(49)

Wp1lo 12 6\ Y2 1/4.1/2
_ (1 - A =
P (+3 )(n) a/*ct?a; =0, (50)
S0 we obtain
W \Y2 rg /m\Y2 1
Ap=—(—] —(z) ——r0 1
t2 <tmax> o (3) = @

A substitution of A; and A; into (44) gives

Up +W= —twllr

max

231/25|n(a)b0t) (52)
where we have put 6 = § from (48). By taking into
account (41), and substituting the result given in (52)
into (40) we obtain

d? /1

d? ( r )
Apart from the factor 32, (53) is identical to (25) ob-
tained before. Therefore, with the accuracy to a con-
stant multiplier, the attained corrective force is the
same as it has been calculated in (28).

Let us note that a comparison of (18) with the so-
lution r —ry of the non- linear equation (8) obtained
numerically for some chosen values of wp; and @y
has been done in [16], indicating a good approximation
provided by the formula (18). The original wyg and rq

taken into account were typical for the cyclotron reso-
nance in metals [22].

1 Y2
Dot 3— sin(wpot).

—— 53
Za)bofo max (3)
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5. Discussion

In the above calculations the gyration center of the
moving particle is assumed to be at rest. But in fact
this center performs small rotational motion for itself.
The coordinates of the gyration center calculated for
the present case of a time-dependent magnetic field
are [16]

Wp1 .

Dy = ——2 rosin(amt), (54)
Wp1

Dy = —2 ro[1— cos(mpot)], (55)

Coordinates Dy and Dy represent a circle, the center
of which is shifted along the axis of y by an amount
equal to the circle radius

Wp1lo
Ip=—55—

- : (56)

For any tmaxmpp > 1 expression (55) has a very small
value because of the property assumed in (11).

6. Summary

The paper examines the problem how the well-
known centripetal force acting on a charged particle
in a constant magnetic field is modified when this field
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